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Magnetic Properties of Weakly Doped
Antiferromagnets from the Lagrangian t—J Model
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From the Lagrangian formalism for the t-J model previously developed, renormalized
magnetic properties in weakly doped antiferromagnets can be evaluated. The renormal-
ization effects essentially appear because of the interaction of particle-hole with the
spin wave. For small concentration of holes the self-energies are computed. Taking an
approximate form for the particle spectral function, the cuasiparticle peak and the inco-
herent continuum region are analyzed in order to evaluate the softening and the damping
in the spin excitations of antiferromagnets weakly doped. The results can be confronted
with previous one obtained by means of the Hamiltonian t-J model in the slave-fermion
Schwinger boson representation.

KEY WORDS: Antiferromagnetism; t-J model; Lagrangian formalism; Hubbard
operators.

1. INTRODUCTION

The actual interest in the study of the magnetic properties in some weakly
doped antiferromagnets is due to their connection with high temperature supercon-
ductivity. Among others results, the experiments have shown important softening
and damping in the spin excitations (Haydennal, 1991, 1996) as well as an
increase in the transversal susceptibility (Nakanal., 1994; Ohsugét al., 1997,
Songet al, 1993) when interaction between holes and spin waves are considered.
The undoped configuration is an antiferromagnetic insulator. Doping produces
holes (Heuseet al, 1998; Mathuret al., 1998; Schoderet al, 1998; Stockert
et al, 1998; Sullowet al, 1999a,b; Tjengt al,, 1997) and the long-range antifer-
romagnetic order rapidly disappears at low doping, and superconductivity arises
upon further doping. The motion of holes strongly interacting with the spin array
generates a renormalization of the magnetic properties. This well-known effect
is usually studied from thé-J Hamiltonian model (Igarashi and Fulde, 1992;
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Izyumov, 1997; Martinez and Horsch, 1991; Pimeuwtehl, 1999). In the current
literarure, thet—J Hamiltonian model is written in the slave-fermion represen-
tation for the case of an antiferromagnetic matrix. Considering the model in a
Schwinger boson representation, hole motion is treated within a self-consistent
Born approximation (Kanet al., 1990; Liu and Manousakis, 1992; Schmitt-Rink

et al, 1988; Sullowet al, 1999a,b); that is, the self-consistent equation for the
hole self-energy is solved numerically and so, by using the Dyson equation, the
hole dressed propagator can be found. This method has been applied considering
different approaches for the propagation of a single hole in a two dimensional
antiferromagnet. Next the study of hole motion has been extended for a finite con-
centration of holes (Igarashi and Fulde, 1992; Kyung and Mukhim, 1997; Plakida
et al, 1994).

In the present work starting from the renormalized first-order Lagrangian
formalism for thet—J model previously developed (Foussatsal, 2000 a,b,
2002) magnetic properties for weakly doped antiferromagnets are evaluated. The
results are in agreement with available experimental data and constitute a strong
proof on the validity of our Lagrangian model.

The paper is organized as follows. In Section 2, the propagators and vertices
that result from the Lagrangian model are analyzed. In Section 3, the different
contributions to the self-energies for both hole and spin-wave fields are computed
in order to obtain dressed propagators. In section 4, magnetic properties in antifer-
romagnets weakly doped are evaluated. In particular the softening and the damping
in the spin excitations are analyzed.

2. LAGRANGIAN, PROPAGATORS AND VERTICES FOR
ANTIFERROMAGNETIC CONFIGURATION

The starting point is to consider the renormalized Lagrangian formalism de-
veloped by Foussatt al. (2002). Let us assume that we are close to an undoped
regime where the system is an antiferromagnetic insulator. Under this condition
there is a small number of holes and it can be assumed that the hole density
pi = (pi) = constant. For a given value of the chemical potentiahe constant
value of the hole density must be determined by consistency.

As it is usual in the antiferromagnetic configuration a rotation of spins on
the second sublattice by 18@bout theS, axis must be performed (Manousakis,
1991),

Sjl — Sjly sz — —sz, Sjg — —Sjg, \I/jg — \I’jg, (21)

whereoc — o implies+ — .
From now on, the system fluctuating around an antiferromagnetic state (
0) is assumed. In such conditions, the components of the real vector field S are
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close to be the spin variables, and so the vector S is written

=(0,0,5)+ (5. % %) 2.2)

whereS,, S, & are the fluctuations. In order to simplify notation hereafter the
tilde over the fluctuations is omitted.

This canonical tranformation (2.1) changes the antiferromagnetic configu-
ration into a ferromagnetic one with all spins up, and so it is not necessary to
distinguish between sublattices. However the effective Lagrangian is not invariant
under such transformation, because the noninvariance ¢fthelamiltonian.

Consequently, by following Foussats (2002), the effective Lagrangian for the
t—J model is written in terms of four bosonic-field componer8s &, S5, A) and
two fermionic-field componentsi(*, w_).

Once the transformation to the Euclidean space is carried out, the effective
Lagrangian in terms of the fluctuations (2.2) takes the form

[ S1S2— S251 n
LeE“:E(l_ )Z sS+¢ [1+Z( b <s+s’)}
s o . n
_s_'_S,Zi:(\Iji—\Iji—‘l"Iji— [HZ( 1) <S+s,)}
2sp . n
_s+s’zw i- |:1+Z( b (s+s’>:|

1
+— LAV o —iS2+ §1+1S;
(S—G—S’) ,XJ: ij X i [Sl 32 j 1 ]2]

1 * H n \
+m;tuwaﬂq_ [(sl—lsz) (Z( 1) (S+S,>)

n=

F(S1+iS) (Z( 1y (SH/))}

832J Z S1Sien1 — S22 — S3Sivp+ F+ H+ 33]

~28') MSs— ) M[Fi+ S+ S, (2.3)

The free propagator of the boson field = (S, S, S5, A) is an Hermitian
nonsingular 4x 4 dimensional matrix. From the effective Lagrangian (2.3) the
expression for the free-boson propagator or spin-wave propagator in the Fourier
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space results

DR, wn) =
vz oY) L2 i) (14 ) 0 0
8 Zraz P g P
wn Jz /2(1+Vq) 2
—s(s+¢9 1+ ——(s+9) " ———2@1A+ 0 0
6 +8) 55 UH0) g+ SR ) 1
0 0 0 -
0 0 1 021Z )
2s’ 325232
(2.4)

In Eq. (2.4) g andw,, are respectively the momentum and the Matsubara frequency
of the boson field.
Moreover, in Eq. (2.4) the frequenay is defined by

C()qz

zJ , 5

8s (s+s)1+p)/1—-vs (2.5)
where J’ = J(1— p)? < 0, z is the number of first nearest-neighbor sites and
Zyg=1, I exp(q - 1), wherel is the lattice vector.

From the above equations it can be seen that the spatial dimension of the
underlying lattice and the physics depend on the parametandyy, though our
Lagrangian formalism is dimensional-independent.

On the other hand the antiferromagnetic free-magnon propagator is defined

by
D = (D) = (T S*(2)S(0) =

NI =

22 ; 2 2
(D@ + D — (D% — D). (2.6)
And from Eq. (2.4) it results
J'z(s+S)

D{ @ on) = —sts+ )1+ ) (753

1
1 [ ——. (2.7
() +ion) o @D

As well known, from the antiferromagnetic magnon propagmgf(q, wn),
the magnon spectral function is defined by

1
=—2limIm D i
= Jm Im D) (« + i)

= 5(s + )1+ p) [A(q) 8(® — wg) + A(A) 8(@ + wg)],  (2.8)

1 1
Ar=-|1+ . (2.9)
2 1_ qu

where
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We note that the expression (2.8) for the antiferromagnetic magnon spec-
tral function is the generalization to that given in Manousakis (1991) when the
hole densityp # 0. Equation (2.8) that generalizes the well-known antiferromag-
netic magnon spectral function, really checks the validity of the free-propagator
expression (2.7) for finite values of the hole density.

At this point it is convenient to apply the Bogoliubov—Valatin transformation
for the spin variables, i.e.,

1 s .S
S+_\/§<uq+vq+'uq—vq)' (2.10a)
_1( s .S
g_ﬁ<uq+vq |uq_vq>, (2.10b)

where

1+./1—v)
Ug = |S(s+S) 1+ p) (7%) , (2.11a)
2,/(1-v3)

1- /A=y
Vg = —(Signyg) [s(s+ )1+ p) 27 . (2.11b)

(1= v2)

The Bogoliubov—Valatin transformation is carried out to simplify the calcu-
lations. Once the Bogoliubov—Valatin transformation was given, the free-boson
propagator components read

_ . 1
D) (@ @n) = (Dy)*(@, wn) = _m (2.12a)
(o) ) (9, @n) = D) (@, wn) = (2.12b)
D&)(@, @n) = DE(a, wn) = ~o (2.12¢)
24 J'z q
Dg)(d, wn) = m(l - Yq) (2.12d)

On the other hand, as shown in Foussats (2002), the main problem in the anti-
ferromagnetic configuration is to give the mechanism for the fermion propagation.
From the Eqg. (2.3), the bilinear fermionic part reads

= > W (K, vn) GgW_ (K, vn), (2.13)
K,vn
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where we have named

2s
G:l= 2.14
o =519 (ivn + p). (2.14)

The inverse of this scalar function given by

s+s 1
2s v+’

is a (nonpropagating) functional that depends only on the Matsubara frequency
vn. Later on, the prescriptions for the propagation of the fermionic modes will be
given.

Here we write only the three-leg and four-leg vertices corresponding to the
interaction between spin waves, and the interaction between holes and spin waves.
Looking at the Lagrangian (2.3), it can be seen that these interaction vertices
respectively can be written

Go=—

(2.15)

U, = —S\_/fs/[vkak + Uk—q&k—ql, (2.16a)
U. = —S\_/fs/[uksk + U—qEk—qls (2.16b)
Us = (s mn s/)2[| (Vn + vp) + 2u], (2.16c)
Uis= %[Ukak + Uk—q€k—ql, (2.16d)
3= m[ukek + U—qEk—ql (2.16¢€)
Uss = mh (Vn +Vv;,) + 2u], (2.16f)

and the other components vanish.
The above equation defineg= —tzyx.
The three-boson interaction vertEyy. is written

. (1-0p)
23(5-|—s’)2

+ (Ug1 Ug2 — g1 vq2) (81 8 — 85 8,182
— 2[(Uqa vg2 + Ug2 vq1) (87 8 + 85 85)
+ (Uq1 Uga + g1 1q2)(83 85 + 85 84) + 8383] 82

+ ciclic rotations of indices, (2.17)

Fabe = (w2 — w1) [(Uql Ug2 — Ug2 vql)(5§<3§ - 8;81;)
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and the analogous expression for the four-boson interaction vertex ngpad
(see Foussatt al,, 2002).

This diagrammatics allow to compute the one-loop contribution to the per-
turbative development in the componétof the fluctuations.

3. SELF-ENERGIES GENERATED BY THE INTERACTION BETWEEN
SPIN WAVES AND HOLES—DRESSED PROPAGATORS

We begin studying the fermion self-energy. The usual way to solve the propa-
gation of fermions (particle-hole propagation) is by means of the Dyson equation.
As known, the Dyson theorem allows to compute the inverse of the corrected
fermion propagator in terms of the free-fermion propagator and the self-energy.
Therefore the propagator

G(k, V) = [Gg (va) = Y (K, va)] ", (3.1)

can be evaluated in a straightforward way within the self-consistent Born ap-
proximation (SCBA) framework (see for instance Martinez and Horsch, 1991;
Schmitt-Rinket al., 1988).

Once an appropriate self-energy functipi(k, ivy) is found, and after the
analytic continuationv, = v + 8 is done, the propagat@s(k, v) remains well
defined, and so it is possible to compute numerically the spectral function defined
by B(k, v) = —% lims_oG(k, v +ié).

On the other hand, it is easy to show that in the one-loop computation of the
fermion self-energy)_(k, iv,) only one contribution coming from the three-leg
vertexU, is significant. Because of the form of the free-boson propagator (2.4)
the part coming from the four-leg vertél,;, vanishes.

Therefore the self-energy (k, ivy) is given by

. 1
> (V) = - D Ua D@, Q) Us GV + w0, k+)
S ,q

= Yk roska T I @2

where
f(k,q) = %(aﬁ + &f — 2yq ek &), (3.3)
ok q) = 202 ) (3.4)

(s+ s)Ns
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(@ (b)

Fig. 1.

By using standard techniques, the following expression for the fermionic
self-energy at zero temperature is found

. Q4+ p)
> (k,ivy) = thz 2y

(signye) /[ — /(L= ¥9)] = veray [ [+ (2= %9)] 2

(1-v)

X

s(s+s)(1+ p)
iVa —wq —p — Y _(K+4,ivy _CUq)7
where the relatiom, = —z ty was used.
Now by using Eg. (2.11), the Eq. (3.2) takes the final form

v A+, (Ug Yktq + vg 1)
> (K ivy) = N L2 ;ivn—wq—u—Z(k+q,ivn—wq)' (36)

The expression (3.6) is useful in the strong coupling cased). Moreover,
in order to describe a metallic phase where the holes move coherently on the
lattice, it is necessary to solve the self-consistent Eq. (3.6), which must be carried
out numerically.

Once an appropriate self-energy functipi(k, iv,) is found, the propagator
G(k, v) remains well defined, and so it is possible to compute numerically the
spectral functiorB(k, v).

It can be seen that the Eq. (3.6) is the generalization for finite values of holes
to the equivalent equation coming from the spin-polaron theories (see Martinez
and Horsch, 1991; Schmitt-Riret al, 1988). In fact this is a strong proof of the

(3.5)

X

e N

—
N~ - —

— ———— . —
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correctness of the quantum procedure developed in tthe Lagrangian
model.

On the other hand, the renormalized spin-wave propagators can be obtained
by means of the Dyson equatioP),; = (D) gy — [ e BY looking at the dia-
grammatics it can be seen that the boson self-engfgyis given by the sum of
the contributions of all the following one-loop diagrams

(1)
1_[(0) q) =(— 1)_ZUaG(k V) Up G(K — 0, Vn — @n). (3.79)

(2)
H(w q) = Zuabe(k Vi), (3.7b)

and
(3)
[ o= ZFadc(w ') D@, d') Fevr(w, o)
ab S w

X D(f,)(a)’ —w,q —q). (3.7¢)

(4)
[ =5 ZFacb(w) DES (0) Feer(w) D@, @), (3.7)
ab S w

(5)
[ o= Z Facdb(@, @) D} (o, ). (3.7¢)
ab S o

whereNs is the lattice number of sites, and the symmetry factors have been taken
into account. In the above diagrams the line represents fermions and the doted and
dashed line represents bosons.

In the antiferromagnetic configuration the diagrams containing one fermionic
loop complicate the boson self-energy expression. In this case the associated ma-
trix [],(d, @n) contains contributions to the[ 5(q, wn) and]]_5(q, wn) com-
ponents, given rise to longitudinal spin-wave modes. Of course, in the regime we
are working, these contributions are small corrections to the transversal spin-wave
components. But it is important to note that the Lagrangian model (2.3) takes into
account all the possible interactions without any approximation.

With the aim to confront our results with those obtained by means dfthe
Hamiltonian model in the slave-fermion Schwinger boson representation we only
retain terms of order. These terms coming from the diagram of Fig. 1(a) produce
the renormalization in the transversal spin wave modes given rise to a significant
softening of the spin excitations.

The small corrections produced by the longitudinal contributions of the di-
agrams of Fig. 1(b), as well as the contributions coming from the diagrams
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containing pure bosonic vertices of Fig. 2, will be evaluated in a future
paper.

4. MAGNETIC PROPERTIES IN ANTIFERROMAGNETS
WEAKLY DOPED

As was mentioned above the propagation of a single hole in a two dimensional
antiferromagnets has been studied in the framework afthélamiltonian model
in a Schwinger boson representation using the (SCBA) (see for instance Kane
et al, 1990; Liu and Manousakis, 1992; Martinez and Horsch, 1991; Pimentel
et al, 1999; Schmitt-Rinlet al,, 1988). Later on, this approach was extended to
the case of finite concentration of holes (see Igarashi and Fulde, 1992; Izyumov,
1997; Kyung and Mukhin, 1997; Plakidd al., 1994). In both situations when the
density of holes is small, it is well known that several results are essentially the
same.

In particular, because of the strong coupling between holes and spin exci-
tations a hole propagates coherently having a quasiparticle band-witignd
energy minimaatmomenka = (+x/2, £ /2). When the spectral density is com-
puted it shows a cuasiparticle peak of intensit§d /t)?3, and a broad incoherent
multiple spin-wave continuum located at higher energies of widtht. Now, from
our model we must study the effect of the coherent and the incoherent motion of
holes interacting with spin wave by computing the softening and damping of the
spin excitations.

When the (SCBA) approach is used we can suppose that the hole spectral
functionB(k, v) is composed by a coherent part corresponding to the quasiparticle
peak plus an incoherent continuum. So, the spectral function takes the approximate
form (Pimentekt al,, 1999)

B(K, V) = [Beon(K, V) + Binc(k, V)] F=(K)A (V) (4.1)

where the Fermi surfac& (k) = Zi“zle(kp —k=ki]), B (k) = 1 — F(Kk),
andkg is the Fermi momentum.
In Eq. (4.1) the coherent and incoherent parts respectively read

Beon(k, V) = Zk8(v — s + ), (4.2a)
Binc(k, V) = ho(|v| — 2J/2)6(2zt + 2 J/2 — |v|). (4.2b)

where Zy is the intensity of the quasiparticle state, and so the height of the con-
tinuum region is~(1 — Zy)/2zt satisfiying the sum rulg’ B(k, v)dv = 1. The
energies are measured with respect to the Fermi level, and near the mirkma at
the quasiparticle dispersion in Eq. (4.2a) is writtgR= emin + (k — k;)?/2mwith

an effective masm.
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In order to determine the renormalized spin-wave enesgyve only take
into account contributions of ordet that are those coming from the self-energy
[ .p(0, @) defined in Eq. (3.9a). Moreover, from this equation and the expresion
(4.1) it can be seen that the self-enefdy,(d, ») presents three contributions

[ Tap(d, @)con,con [ [ap(ds @)con,ind@NA] [4p(d; @)ing,inc-
The dressed hole propagator (3.1) in terms of the spectral function is written

Skiv) =5 [ av V) 43)

oo vy —

and so the four components of the self-endrfiy,(a, b = +) of Fig. 1(a) diagram
reads
+00 dl), +o00 dv//

1
l_[ab=(—DWSKZV;Ua(k,q,vnwn)Ub““q*”“w”)/oo @27) Jooo (27)

Bkk,v) B(k—-aq,v)
X

ivh — v i(vy — wp) — v’

(4.4)

The self-energy (4.4) can be computed straightforward by using the expres-
sion (4.1) for the spectral function. Once this is done and the components of the
dressed propagat@a.,(d, w) are found, the renormalized spin-wave energys
determined by the poles of such propagator, i.e, by the condition

(O =TT ) =TT 1-TT" [T =0 @5

As well known, by analizing the region whela[](q, ) = 0, it is possible to
obtain the softening in the frequeney of the antiferromagnetic magnon. For the
renormalized frequency we found the following expression:

of = wg +Re[[" = wgll —r @), (4.6)

where the three parts coherent—coherent, coherent—-incoherent, and incoherent—
incoherent of the self-energly| "~ give contributions to the function(q). Of
course the function(q) defined in Eq. (4.6) in two dimension is the same to that
written in Pimentekt al.,, (1999).

Analogously, in order to evaluate the damping in the spin excitations we must
study the region whern[](q, w) # 0, obtaining an inverse lifetime given by

g =—2Im l_r_(q, wq), (4.7

where the contribution to the damping is determined only by the coherent motion
of holes, i.eJm [T con-
Moreover, as well known for finite values of the hole dengitythe renor-
malization factorZ; < 1 giving rise to a reduction of the spin-wave velocity.
Looking at the Hamiltoniat—J model in the Schwinger boson representation
(Pimentelet al,, 1999), we can conclude that the renormalization of the magnetic
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properties produced by the interaction vertex of this model, is precisely the same
renormalization produced by the Lagrangian diagrammatics by taking into account
only the terms proportional 3.

As was said above to compute the renormalization effects, only strong con-
tributions of ordert? have been considered, because in the present regime all the
remaining contributions represent small corrections. The Lagrangian model in-
cludes other small corrections, particularly longitudinal contributions which are
not present in the Hamiltoniarn-J model.

So, under this conditions we can conclude that the Lagrangian model and
the Hamiltoniart—J model in the Schwinger boson representation gives the same
results for the softening and damping of the spin excitations.

The same conclusion is valid for the transverse spin susceptikility=

x1(q = 0, w = 0) which in terms /02f the renormalized spin-wave propagator is

1
given by xi = —limgo [gm;] [Re D' (g, 0)+ Re Dt (g, 0)]. Finally,

from the above expression the transverse spin susceptibility is written in terms
of self-energy components as follows

1 1
2J(1+ vq) [ zJ(1- )

XL = Iirnq—>0

7[Re[ [ @0

+Re[[ (@, 0)]] (4.8)

where in the limitg — 0 only the coherent parts of the self-energy components
gives contributions. The increasing of the transverse susceptibility is because from
the calculations results a renormalization facgr> 1.

The above results constitute a strong test about the correctness of our
Lagrangian formalism.

5. CONCLUSIONS

The first-order Lagrangian formalism for theJ model proposed and de-
veloped in the context of the path-integral formalism (Fousettd., 2000 a,b,
2002), has been checked by analyzing and computing several magnetic properties
in ferromagnets (see Foussatsal, 2002), as well as in antiferromagnets.

The remarkable feature of our approach is that the HubKaogerators are
used as field variables allowing to describe without any decoupling assumption,
spin and charge fluctuations on the atomic lattice site.

As it was showed in Foussags al. (2002) (Eq. (6.21) for ferromagnets, our
approach gives response to the thermal softening of the ferromagnetic magnon
frequency, and the expression we found is the generalization for different from
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zero hole density to that obtained by means of the non-linear spin wave model
(Mattis, 1981).

It is important to note that our model accounts for the softening effect when
only oneloop computations—without any vertex correction—is considered. We
think this fact is important because it simplifies the computation. As it can be
seen, in the framework of nonlinear spin-wave model, the softening of the magnon
frequency is obtained by including vertex corrections.

As it was shown in the present paper our diagrammatics accounts correctly
for the renormalization of magnetic properties for weakly doped antiferromag-
nets. The results are those obtained by means dhélamiltonian model in a
Schwinger boson representation, when only contributiort$ ofder (transversal
components) are taking into account. Besides, the diagrammatics of the Lagrangian
model contains pure spin-wave interaction vertices as well as different from zero
longitudinal components in the self-energy giving rise to small corrections in the
dressed spin-wave propagator which can be appropriately computed.
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